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We explore the perspective of considering the squeezed thermal reservoir as an equilibrium reser-
voir in a generalized Gibbs ensemble with two non-commuting conserved quantities. We outline the
main properties of such a reservoir in terms of the exchange of energy, both heat and work, and
entropy, giving some key examples to clarify its physical interpretation. This allows for a correct
and insightful interpretation of all thermodynamical features of the squeezed thermal reservoir, as
well as other similar non-thermal reservoirs, including the characterization of reversibility and the
first and second laws of thermodynamics.
I. INTRODUCTION
Thermodynamics is arguably one of the most robust
and successful theories in physics. The source of its
strength and wide scope resides on the generality and
simplicity of their foundational principles, the laws of
thermodynamics. Still nowadays they continue to pro-
vide us with new insights in a broad range of physical
systems, from black holes down to the microscopic world,
and entering the quantum realm [1, 2]. In particular,
one of the main questions which has recently attracted
great attention is the development of a thermodynamic
description of quantum effects [3] and the elucidation of
its role from an operational point of view [4].
In this context, ongoing discussions concern the correct
interpretation of the energetics and entropy dynamics
of systems interacting with quantum non-thermal reser-
voirs [5–8]. These are reservoirs for which the presence
of a quantum property such as coherence [9], quantum
correlations [10] or squeezing [11–13] renders its state
non-thermal, that is, which cannot longer be described
by a Gibbs state. The use of non-thermal reservoirs in
heat engine setups lead to striking situations. In par-
ticular, for the case of the squeezed thermal reservoir,
these situations include the possibility of work extrac-
tion from a single reservoir [6], the emergence of mul-
tiple operational regimes [6, 7], and the surpassing of
Carnot’s bound [5, 6, 11–14]. Some of these predictions
has been indeed recently demonstrated in the laboratory
in a proof-of-principle experiment [15].
Nevertheless, even if it is clear that traditional ther-
modynamic inequalities developed for thermal reservoirs
cannot be directly applied to non-thermal ones (e.g.
Carnot bound), the laws governing the thermodynamic
behavior of such reservoirs still requires clarification. Un-
til now, non-thermal reservoirs such as the squeezed
thermal reservoir, has been essentially conceptualized
as stationary non-equilibrium reservoirs, constructed e.g.
from reservoir engineering techniques [5, 12]. Under this
view, their role is similar in spirit as the one played by
the nonequilibrium environmental conditions in flashing
ratchets [16], molecular motors [17], or information reser-
voirs [18–20]. This perspective raised the belief that re-
versible operations are forbidden when using non-thermal
reservoirs, as explicitly manifested in most recent works
focusing on the energetics of quantum engines from the
point of view of ergotropy [8].
Here we show that the squeezed thermal reservoir, con-
trary to the previous belief, can be regarded as a gen-
eralized equilibrium reservoir [21], which exchanges two
non-commuting (conserved) quantities [22–24] with the
system to which it is coupled: energy and second order
coherence, which we call asymmetry [6]. Squeezing is a
paradigmatic quantum effect rooted in Heisenberg’s un-
certainty principle. It can be defined as the reduction in
the uncertainty of some observable at expenses of the in-
crease in the conjugate one [25], finding notable applica-
tions in quantum metrology, computation, cryptography
and imaging [26]. Our proposal allows for a correct and
insightful interpretation of all thermodynamical features
of the squeezed thermal reservoir, as well as other simi-
lar non-thermal reservoirs, including the first and second
laws of thermodynamics. Starting with the analysis of
entropy changes in the reservoir [27], we are able to dis-
tinguish a work contribution associated to the transfer of
squeezing, much in the spirit of chemical work for heat
and particle reservoirs, or as in other work producing
reservoirs [28]. Finally, we provide a generic reversible
protocol for processes in contact with a squeezed thermal
reservoir, and apply the framework to the experimentally
relevant situation of extracting work from a single reser-
voir [15]. Our results show the deep link between the
extractable mechanical work, coherence, and the work
performed by the reservoir.
This paper is organized as follows. In Sec. II we in-
troduce a bosonic squeezed thermal reservoir and dis-
cuss their main properties as a generalized equilibrium
reservoir. We follow in Sec. III by considering a driven
bosonic mode weakly interacting with the squeezed ther-
mal reservoir. Here we develop a thermodynamic descrip-
tion based on an interaction supporting conservation of
energy and asymmetry. In Sec. IV we construct a generic
reversible process allowing work and asymmetry extrac-
tion from arbitrary nonequilibrium states and apply it to
the case of cyclic work extraction from a single reservoir
in Sec. V. A specific example illustrating the difference
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2between our approach and ergotropy-based approaches is
provided in Sec. VI. We conclude in Sec. VII with some
final remarks.
II. THE SQUEEZED THERMAL RESERVOIR
Let us start by first defining the squeezed thermal
reservoir. We consider a set of N non-interacting bosonic
modes with Hamiltonian HR =
∑
kH
(k)
R =
∑
k ~ωkb
†
kbk,
with bosonic ladder operators [bk, b
†
l ] = δk,l. Assume
that each of them is in a squeezed thermal state, that is,
a canonical Gibbs state at some inverse temperature β0
to which the squeezing operator has been applied
ρ
(k)
R = S(ξ)
e−β0H
(k)
R
Z0k
S†(ξ), (1)
where Z0k = Tr[e
−β0H(k)R ] is the partition function, S(ξ) =
exp[ 12 (b
2
kξ
∗− b†2k ξ)] is the unitary squeezing operator and
ξ ≡ |ξ|eiθ is the complex squeezing parameter. Along this
paper we will consider without loss of generality θ = 0.
Physically, the state in Eq. (1) corresponds to the output
of a parametric amplifier whose input is thermal noise
[25, 29].
Our main motivation is to interpret the above state
as a generalized Gibbs ensemble [21–24, 28, 30–33]. In
order to do this, we immediately notice that, since S(ξ) is
unitary, and whenever H
(k)
R is quadratic, we can rewrite
(1) in a more convenient way:
ρ
(k)
R =
e−β(H
(k)
R −µA(k)R )
Zk
. (2)
with Zk = Tr[e
−β(H(k)R −µA(k)R )]. Here we defined the fol-
lowing inverse temperature and a chemical-like potential
of squeezing:
β ≡ β0 cosh(2ξ), µ ≡ tanh(2ξ), (3)
together with the quantity
A
(k)
R ≡ −
~ωk
2
(
b†2k + b
2
k
)
, (4)
with energy units. We will refer to (4) as the second-
order moments asymmetry or just the asymmetry for
reservoir mode k, since it can be rewritten as A
(k)
R =
(~ωk/2)(p2k − x2k), where [xk, pl] = i~δkl are the (di-
mensionless) position and momentum quadratures of the
modes [6]. Notice that Eq. (2) follows from the prop-
erty β0S(ξ)H(k)R S†(ξ) = β(H(k)R − µA(k)R ) + β0 sinh2(ξ),
which is a direct consequence of the squeezing operator
action over ladder operators S(ξ)bkS†(ξ) = bk cosh(ξ) +
b†k sinh(ξ). We also notice that ρ
(k)
R is the state maximiz-
ing the von Neumann entropy of the reservoir mode k,
subjected to fixed averages 〈H(k)R 〉 and 〈A(k)R 〉 [21] (see
Ref. [34] for a different proof). Consequently, the in-
verse temperature β and the chemical-like potential of
squeezing defined in Eq. (3) are the conjugate variables
to the two (non-commuting) conserved quantities H
(k)
R
and A
(k)
R respectively, verifying maximization (Lagrange
multipliers).
A more physical picture of the observable A
(k)
R in Eq.
(4), can be given by considering the case of (zero-mean)
Gaussian states. In such case it just corresponds to
the difference between the uncertainties in the mode
quadratures pk and xk, 〈A(k)R 〉ρ(k)R = ~ω(∆p
2
k − ∆x2k),
which is a measure of squeezing. For example, in the
case of the squeezed thermal state in Eq. (1) the un-
certainties in the thermal (symmetric) state are mul-
tiplied by exponential factors depending on ξ, that is,
∆p2k = (2n
k
th + 1)e
2ξ/2 and ∆x2k = (2n
k
th + 1)e
−2ξ/2
[35] rendering the state asymmetric (squeezed) in phase
space. Here nkth = (e
β0~ωk − 1)−1 is the mean number
of excitations with energy ~ω in a thermal reservoir at
β0. Consequently, state (1) shows a non-zero asymme-
try quantified by 〈A(k)R 〉ρ(k)R = ~ω sinh(2ξ)(2nth + 1)/2.
Nevertheless notice that for more general states, the op-
erator A
(k)
R takes into account both the the relative shape
of the uncertainties and the relative displacements in op-
tical phase space [6].
In the following, we will show that this reservoir be-
haves in a very similar way to a particle reservoir at ther-
mal equilibrium, but replacing the number of particles by
the asymmetry in Eq. (4), and consequently the tradi-
tional chemical potential by the chemical-like potential of
squeezing in Eq. (3). This can be done by noticing how
entropy behaves in the squeezed thermal reservoir. Let us
focus our discussion, without loss of generality, on a sub-
set of modes in the reservoir. Consider an infinitesimal
change in the state of this subset ρ′R = ρR+∆ρR, where
∆ρR is a traceless operator accounting for the changes,
and  1 is a real positive number. Then it follows that
up to first order in  we have (see Appendix A and Ref.
[27]):
∆SR = S(ρ
′
R)− S(ρR) = −Tr[∆ρR ln ρR], (5)
where S(ρ) = −Tr[ρ ln ρ] is the von Neumann entropy.
Introducing Eq. (2) into (5) we arrive to the central
relation:
∆SR = β (∆ER − µ∆AR) , (6)
where ∆ER = Tr[HR∆ρR] and ∆AR =
Tr[
∑
k A
(k)
R ∆ρR] are the corresponding changes in
energy and asymmetry of the reservoir.
As we will shortly see, Eq. (6) allows a physical in-
terpretation of µ as the change in non-equilibrium free
energy needed to increase the asymmetry of the reser-
voir by a given amount. The nonequilibrium free energy
with respect to temperature T is defined as FR(ρR) ≡
Tr[HRρR] − kBTS(ρR) [36]. It characterizes the opti-
mal amount of work extractable from a generic system
3with Hamiltonian HR in state ρR with the help of a
thermal reservoir at temperature T [36–38]. Identifying
β = 1/kBT in Eq. (3) as the inverse temperature, and
using Eq. (6), we have that for any infinitesimal change
ρR → ρ′R, the change in nonequilibrium free energy is
∆FR = ∆ER − kBT∆SR = µ∆AR. That is, the ex-
tractable work from this subset of modes, when access to
a thermal reservoir at β is possible, is directly propor-
tional to the asymmetry of the subset AR. Remarkably,
this leads to interpret the quantity µ = ∆FR/∆AR, as
the work needed to increase the asymmetry by one unit.
Therefore WR ≡ µ∆AR is the analogous of a chemical
work, representing the work needed to increase the asym-
metry of the reservoir.
Now combining Eq. (6) and the interpretation of µ,
we decompose the reservoir energy
∆ER = kBT∆SR +WR ≡ QR +WR, (7)
where we interpret QR ≡ kBT∆SR = ∆ER − µ∆AR as
the heat entering the squeezed thermal reservoir. This
approach is in contrast to the usual way of identifying
heat in quantum systems as the energy exchange between
system and reservoirs [1, 2]. While the later identifica-
tion is correct when handling with thermal reservoirs,
the presence of further conserved quantities requires an
approach based on the reservoir entropy.
III. THERMODYNAMICS AND ENTROPY
PRODUCTION
Until now we have just elucidated the properties of a
squeezed thermal reservoir made up by non-interacting
bosonic modes, and characterized by fixed parameters
β0 and ξ (or equivalently β and µ). Now we may move
to the description of the interaction between the reser-
voir and a system of interest. In particular, we consider
a driven system, typically another bosonic mode with
Hamiltonian HS(λ) = ~ωλa†λaλ, where ωλ and aλ may
be time-dependent through the external variation of a
control parameter λ(t). The system interacts with the
resonant modes of the reservoir through an interaction
Hamiltonian Hint(λ), which may also depend on λ.
In order to model the dynamical evolution we consider
a sequence of infinitesimal processes, each of which can
be divided in two basic steps. In the first step the system
weakly interacts with resonant modes in the reservoir fol-
lowing a global unitary evolution Uλ = exp
(−iτ [HS(λ)+
HR + Hint(λ)]/~
)
. Here we assume that this interac-
tion occurs in a time-scale τ much faster than the exter-
nal driving, so that λ can be considered constant during
the system-reservoir interaction. In addition, we notice
that the much weaker interaction of the system with non-
resonant modes in the reservoir can be neglected under
the present circumstances [6]. For any such first step in
the sequence of interactions, system and reservoir start in
a product state ρS⊗ρR with ρS the (generic) state of the
FIG. 1. (color online) Sketch of the sequence of processes
leading to the dynamical evolution in the main text.
system at that time, and ρR in Eq. (2). The states of sys-
tem and reservoir after interaction read ρ′S = TrR[ρ
′
SR]
and ρ′R = TrS [ρ
′
SR], with ρ
′
SR = Uλ(ρS ⊗ ρR)U†λ. Af-
ter that, the second step in the dynamics is performed.
It consist in a smooth change of the control parameter,
λ → λ′, producing some unitary evolution in the sys-
tem alone, US = T+ exp
( − i∫ dtHS [λ(t)]/~) with T+
the time-ordering operator. In this second step the sys-
tem state change from ρ′S to ρ
∗
S = USρ
′
SU
†
S , while the
reservoir does not change at all. Finally, the reservoir
mode is replaced by a “fresh” mode in the same state
ρR, and the next interaction takes place [39]. In Fig. 1
we provide an schematic picture of the dynamical evo-
lution. This kind of repeated interaction scheme can be
modeled by a sequence of completely positive and trace-
preserving (CPTP) maps [40–43] leading to the develop-
ment of Lindblad master equations [6, 40, 44] and quan-
tum jump trajectories [45, 46], whose thermodynamic
properties can be addressed even for arbitrary environ-
ments [27].
The key assumption of the dynamical evolution will be
the presence of conserved quantities. The interaction be-
tween system and reservoir Hint should exactly preserve
both energy and asymmetry in the global system at any
time, that is [HS+HR, Hint] = 0 and [AS+AR, Hint] = 0.
Here the asymmetry in the system AS is analogously de-
fined as in Eq. (4) by AS(λ) ≡ −~ωλ
(
a†2λ + a
2
λ
)
/2 for
any value of the external parameter λ. The later con-
dition for the commutators leads to the conservation of
total average energy and asymmetry for the first (inter-
action) step of the evolution:
∆ES + ∆ER = 0, ∆AS + ∆AR = 0, (8)
where ∆ES = Tr[HS(ρ
′
S − ρS)], ∆AS = Tr[AS(ρ′S − ρS)]
and analogously for the reservoir. It is worth noticing
that this assumption indeed prevents extra sources of
energy or asymmetry from switching on/off interactions
considered in [44, 47].
Moreover, during the second step of the dynamical evo-
lution energy and asymmetry may change due to the ac-
tion of the external driving. Then on a coarse-grained
time scale involving both first (interaction) and second
4(driving) steps, we have
E˙S + E˙R = W˙ , A˙S + A˙R = A˙ (9)
where W˙ = Tr[H˙SρS ] represents the mechanical work
performed by the external driver, and analogously A˙ =
Tr[A˙SρS ] is the asymmetry induced by driving. Now
combining Eqs. (7) and (9) we state the first law of
thermodynamics as
E˙S = W˙ + W˙sq + Q˙, (10)
where Q˙ ≡ −Q˙R is the heat entering the system and
W˙sq ≡ −W˙R = −µA˙R is the chemical-like squeezing work
performed by the reservoir.
Conservation of energy and asymmetry in Eqs. (8) is
verified e.g. by prototypical beam splitter interactions
of the form Hint ∝ aλb†k + a†λbk, as the ones typically
assumed in derivations of the master equation for the
squeezed thermal reservoir [6, 48, 49]. For frozen λ, con-
tact with the reservoir brings any initial state of the sys-
tem in the long time run to the equilibrium state
ρeqS (λ) = Sλ(ξ)
e−β0HS
Z0
S†λ(ξ) =
e−β(HS−µAS)
Zλ
. (11)
Here Sλ(ξ) = exp[12ξ(a2λ − a†2λ )] is the squeezing opera-
tor over the system mode, and Zλ = Tr[e
−β(HS−µAS)].
More generally, including the possibility of external driv-
ing into the system [Eq. (10)], the entropy production
rate of a generic process as described previously can be
calculated from the sum of von Neumann entropies of
system and reservoir [27]. That results in the following
statement of the second law
S˙tot = S˙ + S˙R = S˙ + β(W˙ + W˙sq − E˙S)
= S˙ + β(W˙ − µA˙)− β(E˙S − µA˙S) ≥ 0, (12)
where S˙ (S˙R) stands for the time-derivative of the von
Neumann entropy of the system (reservoir). For the
derivation of Eq. (12), we used the continuous version
of Eq. (6) for the reservoir entropy changes, together
with Eqs. (9) and (10).
IV. REVERSIBLE PROCESS
Our objective now is to construct a generic reversible
evolution for systems in contact with the squeezed ther-
mal reservoir. We first consider the case of reversible
work and asymmetry extraction by transforming an ar-
bitrary initial state ρS into the equilibrium state ρ
eq
S in
Eq. (11). The transformation ρS → ρeqS might be done
by simply letting the system relax in contact with the
reservoir. However, this process is completely irreversible
and prevent us from extracting any mechanical work nor
asymmetry from ρS . On the contrary, a reversible proto-
col maximizing the extraction of resources can be built
by extending the protocol explained in Ref. [36] for stan-
dard thermal reservoirs (see also Ref. [50]) to the case of
a squeezed thermal reservoir.
This reversible process consists in two steps:
a) An initial sudden quench of the system Hamilto-
nian from HS(λ0) to HS(λ∗) ≡ H∗, where
H∗ = ~ωλ∗a
†
λ∗aλ∗ ≡ −S†(ξ) ln(ρS)S(ξ)/β0. (13)
This step is implemented by an instantaneous
change in the control parameter λ0 → λ∗, which
implies as well AS(λ0) → AS(λ∗) ≡ A∗. The du-
ration of this step is infinitesimal and, since the
change in the control parameter is instantaneous,
the system state does not change. Nevertheless,
this initial quench is crucial for implementing a re-
versible transformation, as long as it leaves the sys-
tem in equilibrium with the squeezed thermal reser-
voir, ρS = exp[−β(H∗ − µA∗)]/Z∗, i.e. the state ρS
is now the equilibrium state of the system for H∗
and A∗. Notice that for performing this quench a
work Wquench ≡ Tr[(H∗ − HS)ρS ] and asymmetry
Aquench ≡ Tr[(A∗ − AS)ρS ] are required, but no
entropy is produced.
b) A reversible isothermal-like transformation where a
quasi-static driving changes the HamiltonianH(λ∗)
and the asymmetry operator A(λ∗) back to their
initial forms, while the system interacts with the
reservoir. It is worth noticing that, since the
system starts this step in equilibrium with the
squeezed thermal reservoir, and the control param-
eter changes quasi-statically (infinitely slowly) from
λ∗ to λ0, the system will be maintained in equi-
librium with the reservoir at any time [Eq. (11)],
leaving the system in ρeqS . This implies zero en-
tropy production during the process (reversibility),
that is, Q˙ = kBT S˙ . In Appendix B we indicate
a particular realization of this quasi-static process
using a concatenation of CPTP maps.
In order to obtain a quantitative link between the work
and asymmetry extractable from the initial state ρS , we
may integrate Eq. (12) for reversible conditions (equal-
ity case) along the two steps of the protocol. For this
purposes Eq. (12) can then be conveniently rewritten as
β(W˙ − µA˙) = −Z˙λ/Zλ. (14)
Integrating Eq. (14) and identifying Wext = −Wquench−∫ λ0
λ∗
Tr[H˙λρ
eq
λ ]dλ and Aext = −Aquench−
∫ λ0
λ∗
Tr[A˙λρ
eq
λ ]dλ
as the total work and asymmetry extracted in the pro-
cess, we obtain
Wext − µAext = Ω(ρS)− Ω(ρeqS )
= kBTD(ρS ||ρeqS ) ≥ 0. (15)
Here the quantity Ω(ρS) ≡ Tr[(HS−µAS)ρS ]−kBTS(ρS)
is a potential generalizing the nonequilibrium free energy
5for systems interacting with a squeezed thermal reservoir.
For obtaining (15) we used that Tr[(HS − µAS)ρeqS ] −
kBTS(ρ
eq
S ) = −kBT lnZλ. Moreover, in the last line we
introduced the relative entropy D(ρ||σ) = Tr[ρ(ln ρ −
lnσ)] ≥ 0, which reaches zero if and only if ρ = σ [51].
The interpretation of Eq. (15) may be now clarified by
introducing the squeezing work performed by the reser-
voir, Wsq = µ(∆AS +Aext). We have:
Wext −Wsq + µ∆AS = kBTD(ρS ||ρeqS ). (16)
Eq. (16) tell us that any out-of-equilibrium state ρS 6=
ρeqS is a resource which may be wasted in either extracting
a positive net amount of work, Wext−Wsq, or in increas-
ing the asymmetry of the system, µ∆AS . Nevertheless,
notice that even when our initial state is in equilibrium,
ρS = ρ
eq
S , extraction of mechanical work is not forbidden
anymore, but it is allowed by cyclic extraction of asym-
metry from the reservoir, Wext = Wsq = µAext.
The previous protocol may be applied to more gen-
eral transformations ρS → ρ′S by including slight modi-
fications. In such case step a) is applied exactly as be-
fore, but in the quasi-static step b) we replace the fi-
nal value of the control parameter by some λ′∗ such that
H ′∗ = H(λ
′
∗) ≡ −S†(ξ) ln(ρ′S)S(ξ)/β0. This implies that
the system after quasi-static driving is now ρ′S . Then a
final step is included: c) A final sudden quench λ′∗ → λ
which instantaneously turns back the Hamiltonian and
asymmetry operator to their original forms, HS and AS .
This extension is indeed equivalent to the combination
of two reversible strokes, ρS → ρeq as before, followed by
the inversion of ρ′S → ρeq.
V. CYCLIC WORK EXTRACTION FROM A
SINGLE RESERVOIR
Once reversible protocols have been introduced we may
now discuss work extraction from a single squeezed ther-
mal reservoir. The idea is to introduce a thermodynamic
cycle on the system which combines unitary processes
on the system and interaction with the squeezed thermal
reservoir. In Ref. [6], we already introduced a thermody-
namic cycle for work extraction: 1) Starting with the sys-
tem in ρeqS in Eq. (11), the system is first detached from
the reservoir and a unitary operation is implemented un-
squeezing the mode U1 = S†. This leaves the system in
the state ρS = e
−β0HS/Z. 2) Then the squeezed ther-
mal reservoir is reconnected and a simple relaxation take
places, bringing the state of the system back to ρeqS . In
such protocol, work is extracted in the first unitary stroke
W1, while the second stroke occurs in the absence of driv-
ing, and then the system only exchanges energy with the
reservoir. Notice that this second relaxation step is in-
trinsically irreversible (isochoric process) and therefore it
does not allow for an optimal use of the resources. Our
aim here is to replace the isochoric process by a reversible
process as introduced before.
Let us now generalize the previous two-stroke thermo-
dynamic cycle for work extraction. 1) As before, the first
stroke consist in detaching the system from the reservoir
and implementing an arbitrary initial unitary step U1,
leaving the system in a rather arbitrary state ρS . During
this stroke an amount of work W1 = Tr[HS(ρ
eq
S − ρS)]
and asymmetry A1 = Tr[AS(ρeqS − ρS)] are extracted,
while the entropy production is zero. 2) Now, for the
second stroke we turn back to ρeqS in contact with the en-
vironment, but also allowing arbitrary external driving.
This eventually leads to extracting some extra amount of
work W2 during this step, together with asymmetry A2.
For this second stroke we may apply Eq. (12). Integrat-
ing it and using that by construction S(ρS) = S(ρ
eq
S ),
∆ES = W1, and ∆AS = A1, a bound for the total work
extracted Wext = W1 +W2 is obtained
Wext ≤ µ(A1 +A2) = −µ∆AR = Wsq. (17)
That is, in any cyclic process one may extract an amount
of work less or equal than the squeezing chemical-like
work performed by the reservoir. This indeed provides
an extra motivation to consider Wsq as work and the
squeezed thermal reservoir as a work producing reservoir
[28].
The key point for reaching the equality in Eq. (17)
is nothing but fully avoiding any irreversibility in the
second stroke of the cycle. This is accomplished when
this second stroke is exactly the (two-step) reversible pro-
cess introduced below. Applying Eq. (15) it follows that
W2 = Ω(ρS)−Ω(ρeqS )+µA2 = −W1+µ(A1+A2), and the
optimal amount of work Wext = W1+W2 = µ(A1+A2) =
Wsq is extracted. Furthermore, notice that this extrac-
tion protocol does not need any particular form of ρS
and U1, e.g. we may use U1 = I [cf. Eq. (16)]. In any
case, the chemical-like squeezing work extracted from the
reservoir equals the asymmetry extracted by the exter-
nal driver. Therefore, this can be regarded as an example
of a squeezing into work conversion in the context of a
generalized resource framework [22, 24].
VI. ERGOTROPY AND WORK EXTRACTION
Finally, it is worth mentioning that the maximum ex-
tractable work from a single reservoir Wsq is larger in
general than the so-called ergotropyW of the non-passive
state ρeqS induced by the squeezed thermal reservoir. The
later is defined as the maximum work extractable from
a state using only unitary operations describing a cyclic
variation of the Hamiltonian [52]. It can be straightfor-
wardly seen that the ergotropy of the state ρeqS is given
by W1 when U1 = S† [6]. We notice that this is just one
part of the total extractable work, Wsq = W1+W2, which
can be made arbitrarily larger when increasing ξ (see Fig.
2). In the following we provide explicit expressions for
W and Wsq.
Since U1 = S†, leading to ρS = U1ρeqS U†1 = e−β0HS/Z0,
6classical quantum
FIG. 2. (color online) Comparison of the optimal work re-
versibly extractable from a single squeezed thermal reservoir
Wsq (solid curve) with the protocol detailed in the text and
the ergotropy W (dashed curve). Both quantities are given
in units of ~ω coth(β0 ~ω2 ). In the inset we show their ratio,
which becomes more important when increasing the squeezing
parameter ξ. In both plots the black dashed vertical line in-
dicates the boundary between classical and quantum regimes
for ~ω ∼ 10kBT0, leading to ξ∗ ∼ 1.5.
the work extracted in the first stroke explicitly reads:
W1 = Tr[H0ρ
eq
S ]− Tr[H0ρS ]
= ~ω sinh2(ξ)(2nth + 1) ≡ W (18)
where nth = (e
β0~ω − 1)−1 is the mean number of ex-
citations with energy ~ω in a thermal reservoir at β0.
Notice that ρS is the Gibbs state, and then it is the state
of lower energy for fix entropy. This implies that the
work W1 =W is by definition the ergotropy of state ρeqS .
Moreover, during this stroke the asymmetry extracted
reads
A1 = Tr[A0ρeqS ]− Tr[A0ρS ]
= Tr[A0ρ
eq
S ] = ~ω sinh(2r)(nth + 1/2), (19)
where A0 ≡ AS(λ0).
Next we calculate the work and asymmetry extracted
in the second (two-steps) reversible stroke of the cycle.
Following Eq. (13), in the first part of the stroke (sudden
quench) the Hamiltonian is modified from H0 to
H∗ ≡ ~ωb†b = S†(ξ)HSS(ξ), (20)
where b = S†(ξ)aS(ξ), while the state of the system does
not change. At this point we can see that effectively after
the quench we have ρS = S(ξ)e−β0H∗S†(ξ)/Z0, which is
the equilibrium state for Hamiltonian H∗. In this step
the work extracted is
W quench2 = Tr[ρSH0]− Tr[ρSH∗] = Tr[ρSH0]
− Tr[S(ξ)ρSS†(ξ)H0] = −W, (21)
where we used Eq. (20). This means that the ergotropy
extracted in the first stroke is wasted in implementing the
initial sudden quench of the second stroke. Analogously,
for the extracted asymmetry we have Aquench2 = −A1, so
that until now we did not gained anything at all. Never-
theless, as we will shortly see, a greater amount of work
and asymmetry is going to be extracted in the quasi-
static step of the stroke. This can be implemented by
means of the slow change of a control parameter λ from
λ∗ to λ0, driving the Hamiltonian back to H0. We will
parametrize this process as an unsqueezing of the Hamil-
tonian
HS(λ) = ~ωb†λbλ, bλ = S†(λ)aS(λ), (22)
with λ∗ = ξ and λ0 = 0. These operations are usually
implemented in quantum optical setups like degenerate
parametric down conversion by passing the light from a
pumping laser field through a photonic crystal with χ(2)
nonlinearities (see e.g. [25, 53]). This kind of driving in
particular implies that
H˙S(λ) = ~ω(b˙†λbλ + b
†
λb˙λ) = −~ωλ˙(b†2λ + b 2λ )
= 2λ˙AS(λ), (23)
A˙S(λ) = −~ω(b˙λbλ + b˙†λb†λ) = ~ωλ˙(2b†λbλ + 1)
= λ˙(2HS(λ) + ~ω), (24)
where we used b˙λ = −λ˙b†λ, following Eq. (20). In the
other hand, as shown in the previous section, the quasi-
static driving implies the state of the system being at any
time ρeqS = S(ξ)e−β0HS(λ)S†(ξ)/Z0. Therefore the work
extracted during the quasi-static stroke reads
W q−s2 = −
∫ 0
ξ
dλTr[AS(λ)ρ
eq
λ ]
= ~ω sinh(2ξ)(2nth + 1)ξ. (25)
Analogously, for the extracted asymmetry we obtain
Aq−s2 = −
∫ 0
ξ
dλTr[(2HS(λ) + ~ω)ρeqλ ]
= ~ω cosh(2ξ)(2nth + 1)ξ. (26)
In conclusion, during a single cycle we obtain a total
amount of extracted mechanical work and asymmetry
Wext = ~ωξ sinh(2ξ)(2nth + 1) (27)
Aext = ~ωξ cosh(2ξ)(2nth + 1), (28)
fulfilling Wext = µAext. Notice that the squeezing work
in the setup is strictly greater than the ergotropy for any
value of ξ, that is Wsq ≡ µAext > W, since ξ sinh(2ξ) >
sinh2(ξ) ∀ξ > 0. This can be seen in Fig. 2 where
W and Wsq are plotted as a function of ξ, in units of
~ω coth(β0~ω/2).
Finally, we point that one way of looking at the quan-
tumness of the squeezing effects is to look at the in-
duced uncertainty in position or momenta quadratures
of our bosonic mode. In our case, for a squeezed thermal
7state, the squared uncertainty in the position quadrature
x = (1/
√
2)(a+ a†) reads
∆x2 ≡ 〈x2〉 − 〈x〉2 = (2nth + 1)e
−2ξ
2
, (29)
and the Heisenberg uncertainty principle reads ∆x∆p ≤
1/2. A genuine quantum state is then reached when this
uncertainty falls below shot noise, i.e. when ∆x2 < 1/2.
This is equivalent to squeezing the quadrature over a cer-
tain quantity
ξ > ξ∗ =
1
2
ln(coth(β0~ω/2)). (30)
The quantity ξ∗ essentially depends on the relation be-
tween the magnitude of thermal fluctuations and the en-
ergy of the system. It diverges ξ∗ →∞ for high temper-
atures β0 → 0, while it approaches zero ξ∗ → 0, when
the temperature goes to zero, β0 → ∞. For a relevant
parameter range β0~ω ' [0.01, 1] we obtain values of ξ∗
from 2.65 to 0.39. As shown in Fig. 2, larger amounts
of work can be obtained in the quantum regime ξ > ξ∗,
where the uncertainty in the squeezed quadrature falls
below shot noise.
VII. CONCLUSIONS
In this paper we explored the interpretation of the
squeezed thermal reservoir as a generalized equilibrium
reservoir with two non-commuting charges: energy and
(second-order moments) asymmetry. This identification
can be done provided that the interaction with the reser-
voir preserve the two quantities, a condition easy to be
fulfilled for the case of bosonic systems and in partic-
ular in the context of quantum optics (e.g. by a sim-
ple beam splitter interaction). Our formulation of the
first and second laws of thermodynamics solve the major
problem of how to correctly define work and heat for the
squeezed thermal reservoir, but the same approach also
applies to other non-thermal reservoirs such as the dis-
placed thermal reservoir. In particular, our results show
how previous approaches based on the naive considera-
tion of any energy exchanged with the reservoir as heat
[5, 6, 11, 12], or in the concept of ergotropy [7, 8] fail
to provide a complete explanation of the energetics and
thermodynamics. We expect that the identification of
the chemical-like squeezing work provided here together
with the generic reversible protocols may have a strong
impact in new designs of quantum thermal machines or
other devices combining thermal and squeezing effects.
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Appendix A: Proof of Eq. (5)
In the following we provide a proof of Eq.(5) in the
main text, adapting the one given previously in Ref. [27].
Consider a change in the state of the reservoir
ρ
(k)′
R = ρ
(k)
R + ∆ρ
(k)
R , (A1)
where ρ
(k)′
R is the state of the reservoir after some ar-
bitrary interaction with other system, ρ
(k)
R is the orig-
inal state, ∆ρ
(k)
R is a traceless operator accounting for
the change, and  ≥ 0 is a positive (small) number. In
the following we will calculate the change in the von
Neumann entropy associated to this process, that is,
∆SR = S(ρ
(k)′
R )− S(ρ(k)R ).
In order to proceed we need to calculate the eigen-
values and eigenvectors of the state ρ
(k)′
R , which we call{λ′n, |λ′n〉}. This can be done by using perturbation the-
ory when  1. Indeed, up to second order in  we will
have:
λ′n ' λn + λ(1)n + 2λ(2)n ,
|λ′n〉 ' |λn〉+  |λ(1)n 〉+ 2 |λ(2)n 〉 , (A2)
where {λn, |λn〉} are the eigenvalues and eigenvectors of
ρ
(k)
R , and we have also introduced the first and second
order contributions. In particular the first order ones
read
λ
(1)
n = 〈λn|∆ρ(k)R |λn〉 , (A3)
|λ(1)n 〉 = ∑l 6=n 〈λl|∆ρ(k)R |λn〉λn−λl |λl〉 . (A4)
Then we may write the change in entropy as
∆SR = S(ρ
(k)′
R )− S(ρ(k)R )
= −
∑
n
λ′n lnλ
′
n +
∑
m
λm lnλm (A5)
and using Eqs. (A2) we obtain up to second order in :
∆SR ' −
∑
n
λ(1)n lnλn − 2
(
λ(2)n lnλn +
∑
m
1
2
λ
(1)2
m
λm
)
.
If we now drop the second order term and use Eq. (A3)
we get
∆SR ' −
∑
n
λ(1)n lnλn = −
∑
n
〈λn|∆ρ(k)R |λn〉 lnλn
= −Tr[∆ρ(k)R ln ρ(k)R ], (A6)
which proofs Eq. (5) of the main text.
Appendix B: Reversible protocol with CPTP maps
Here we provide a particular realization of the protocol
for reversible transformations with a squeezed thermal
8reservoir. It will be based on a concatenation of com-
pletely positive and trace preserving (CPTP) maps. As
explained in the main text, for a system bosonic mode
with Hamiltonian H and density operator ρ0, the proto-
col consists in a first sudden quench, where the Hamilto-
nian changes as H → Heq ≡ −S ln ρ0S†/β0 while leaving
the system in state ρ. Then this is followed by a quasi-
static process where Heq transforms back to H. Dur-
ing this path the system remains in equilibrium with the
squeezed thermal reservoir at any time, ending thus in
ρeq = Se−β0HS†/Z. Notice that here for the ease of
notation we drop the subscript S in all quantities.
In order to give a map describing the quasi-static pro-
cess, we extend the one developed in Ref. [50], where an
isothermal processes for the case of a thermal reservoir
were constructed by alternating infinitesimal adiabatic
and isochoric steps (see also [54]). Let’s assume the fol-
lowing sequence of CPTP maps E1 ◦ E2 ◦ ... ◦ EN , with
N → ∞. Each map in the sequence is intended to de-
scribe an infinitesimal time step, for which En(ρn−1) =
ρn. The changes in the Hamiltonian in each step can be
also written as Hn−1 → Hn, and we set for consistency
HN ≡ H.
Now we decompose every CPTP map E in the sequence
in the following two steps
En(ρ) ≡ Gn ◦ Un(ρ). (B1)
We introduced Un(ρn−1) = ρn−1 as a unitary sudden
quench of the system Hamiltonian, where Hn−1 → Hn
instantaneously. The second step is provided by a CPTP
map verifying Gn(S e−β0HnZn S†) = S e
−β0Hn
Zn
S†, that is, a
generalized Gibbs-preserving map, which describes the
interaction with the environment. During the action of
Gn the Hamiltonian is assumed to remain constant.
The key condition to ensure a reversible process is that
the change in the entropy of the system equals (minus)
the change in entropy of the reservoir, here given by the
last term in Eq. (13) of the main text:
∆Sn ≡ S(ρn)− S(ρn−1) = βTr[(Hn − µAn)(ρn − ρn−1)]
= β0(Tr[SHnS†(ρn − ρn−1)]) ≡ −βQn, (B2)
where An = ~ω[p2 − x2]/2 is the asymmetry. Here we
have only Hn (and An) in the expression because the
entropy of the system only changes during the second
step, Gn(ρn−1) = ρn, when it interacts with the reser-
voir. This requires that the system state is close to the
instantaneous equilibrium state for every step, namely
S e−βHnZn S†. In order to warranty this, we show that when
assuming an infinitesimal change in the drive during any
step, that is
Hn = Hn−1 + ∆Hn (B3)
with  1, then the sequence of CPTP maps defined by
Eq. (B1) verify Eq. (B2) up to first order in .
In order to give a proof we proceed as follows. First,
we will show that if the state of the systems starts close
to ρeqn−1 before the map, then, after the application of the
map En it remains close to the equilibrium state ρeqn . We
can rewrite this condition as
ρn = Gn
(
S e
−β0Hn−1
Zn−1
S† + ∆ρn−1
)
= S e
−β0Hn
Zn
S† + ∆ρn +O(2), (B4)
where ∆ρn−1 and ∆ρn are traceless operators accounting
for the deviations from the equilibrium states before and
after the map. If the above condition is verified, then
our construction is self-consistent. Then, as a second
step, we will proof that, since we may always rewrite
ρn = ρn−1 + σn for a suitable traceless σn (in general
∆ρn 6= σn), this implies Eq. (B2).
We introduce Eq. (B3) into the left-hand-side of Eq.
(B4). Then we use the expansions
eβ0∆Hn = 1 + β0Hn +O(
2),
Zn−1 = Zn[1 + β0Tr[∆Hn] +O(2)], (B5)
which combined with linearity give us the following result
Gn
(
S e
−β0Hn−1
Zn−1
S† + ∆ρn−1
)
= Gn
(
S e
−β0Hn
Zn
[
1 + β0∆Hn +O(
2)
1 + β0Tr[∆Hn] +O(2)
]
S†
)
+  Gn(∆ρn−1)
= Gn
(
S e
−β0Hn
Zn
[
1 + β0(∆Hn − Tr[∆Hn]) +O(2)
]S†)+  Gn(∆ρn−1)
= S e
−β0Hn
Zn
S† + 
[
Gn(∆ρn−1) + β0Gn(S e
−β0Hn
Zn
∆HnS†)− β0Tr[∆Hn]S e
−β0Hn
Zn
S†
]
+O(2), (B6)
If we now make the identification
∆ρn ≡ Gn(∆ρn−1) + β0Gn(S e
−β0Hn
Zn
∆HnS†)
− β0Tr[∆Hn]S e
−β0Hn
Zn
S†, (B7)
then Eq. (B4) is recovered. The second part of the proof
9now follows by obtaining the traceless matrix σn. Using
Eq. (B7) and the above expansions it reads:
σn ≡ ρn − ρn−1 = 
[En(∆ρn−1)−∆ρn−1 (B8)
+ β0En(S e
−β0Hn
Zn
∆HnS†)− S e
−β0Hn
Zn
∆HnS†
]
,
which, as expected is of order . Then, we may express
the eigenvalues and eigenvectors of ρn, the set {pkn, |ψkn〉},
in terms of the corresponding ones for ρn−1. This needs
to use the relation ρn = ρn−1+ σn, with σn in Eq. (B8).
We can always write
pkn = p
k
n−1 + 〈ψkn−1|σn|ψkn−1〉+O(2), (B9)
|ψn〉k = |ψkn−1〉+ 
∑
l 6=k
〈ψkn−1|σn|ψkn−1〉
pkn−1 − pln−1
|ψln−1〉+O(2).
(B10)
On the other hand, we may obtain the same quantities
to first order in  from the equation ρn = S e−β0HnZn S† +
∆ρn +O(
2). This leads to:
pkn =
e−β0E
k
n
Zn
+ 〈Ekn|S†∆ρnS|Ekn〉+O(2), (B11)
|ψn〉k = S |Ekn〉+ 
∑
l 6=k
〈Ekn|S†∆ρnS|Ekn〉
e−β0Ekn
Zn
− e−β0ElnZn
S |Eln〉+O(2),
(B12)
where {Ekn, |Ekn〉} are the eigenstates and eigenvectors of
the Hamiltonian Hn. We can now calculate the change
in entropy during the n-th step of the process, described
by the map En. Using Eqs. (B9) and (B10), we obtain:
∆Sn = S(ρn)− S(ρn−1)
= −
∑
k
pkn ln p
k
n +
∑
k
pkn−1 ln p
k
n−1
= −
∑
k
〈ψkn−1|σn|ψkn−1〉 ln pkn−1 +O(2). (B13)
Finally, by combining Eqs.(B9) and (B11), we notice that
pkn−1 =
e−β0E
k
n
Zn
+O(). Therefore we have:
ln(pkn−1) = ln
(e−β0Ekn
Zn
)
+ ln[1 +O()]
= ln
(e−β0Ekn
Zn
)
+O(). (B14)
This leads us to write
∆Sn = −
∑
k
〈ψkn−1|σn|ψkn−1〉 ln(
e−β0E
k
n
Zn
) +O(2)
= β0
∑
k
Ekn〈ψkn−1|σn|ψkn−1〉
= −Tr[SHnS†σn] +O(2), (B15)
where, in the last step, we have used |pkn−1〉 = |pkn〉 +
O() = S |Ekn〉+O(), which follows from Eqs. (B10) and
(B12) and the cyclic property of the trace. Eq. (B15) cor-
responds to Eq. (B2) up to first order in , and completes
the proof.
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